We make progress towards a derivation of a low energy effective theory for SU (2) Yang-Mills theory. This low energy action is computed to 1-loop using the renormalization group technique, taking proper care of the Slavnov-Taylor identities in the Maximal Abelian Gauge. After that, we perform the Spin-Charge decomposition in a way proposed by L.D. Faddeev and A.J. Niemi. The resulting action describes a pair of non-linear O(3) and σ-models interacting with a scalar field. The potential of the scalar field is a Mexican hat and the location of the minima sets the energy scale of solitonic configurations of the σ-model fields whose excitations correspond to glueball states.
Introduction
The force between nucleons has been studied for many decades. Yang-Mills (YM) theory is a basic building block in the standard model and plausibly can be regarded as a starting point in our quest for an effective low energy model for strong interactions. The Skyrme model is a classic proposal for such an effective theory made by the British physicist T.H.R. Skyrme in his pioneering work "Nonlinear field theory", published in 1961 [1] . Other models were later proposed by Y.S. Duan, M.L. Ge and independently by Y.M. Cho [2] then later developed further by L.D. Faddeev, A.J. Niemi [3] (apparently the idea goes back to a suggestion made by L.D. Faddeev in 1975) . These works are based on a decomposition of the non-abelian gauge potential using the method of abelian projection [4] , the idea is being that abelian degrees of freedom (corresponding to a U(1) subgroup of the nonabelian gauge group) somehow play an important role at low energies. An alternative so called "Spin-Charge" decomposition is also based on this projection proposed subsequently in [5, 6] .
However a prerequisite for the Spin-Charge decomposition can not be fulfilled in classical YM theory. In the present work, we make modest attempt to bridge this gap. We proceed by integrating out the high energy degrees of freedom in YM theory down to some infrared cutoff Λ, obtaining the effective action Γ
Λ . This calculation is performed with the aid of the renormalization group flow equations [7] , for clarification see the comment below (46). Our calculation is performed in the Maximal Abelian Gauge (MAG) including, as usual, gauge fixing and ghost terms into the YM action. However, the end result is gauge invariant in the sense that the effective action for Λ = 0 would satisfy the Slavnov-Taylor identities [8, 9] . Aiming to obtain an effective model we do not go all the way down to Λ = 0, because one does not expect a 1-loop calculation, such as ours, to capture the non-perturbative effects that become dominant at low energies. On the other hand the Spin-Charge decomposition becomes singular as the coupling decreases. For these reasons we work with Γ Λ at some small but finite Λ. This low energy effective action Γ Λ contains, besides the "tree-level" terms, which are already present at the classical level, certain 1-loop correction terms. The most important term is of the form δm 2 A + A − , where δm 2 is a mass terms of the order Λ 2 generated by 1-loop quantum correction, and A ± are the components of the gauge field orthogonal to the abelian U(1)-component A. Our finding is that δm 2 < 0. At this point, we can now perform the Spin-Charge decomposition [5] , which effectively exchanges A ± for a scalar density ρ, and two O(3) nonlinear σ-models described respectively by p, q and n variables. Due to δm 2 < 0, the stable minimiser of the effective action Γ Λ approaches a non-vanishing value of ρ = δm 2 /g 2 a large spatial distances. This value in turn corresponds to the coupling parameter of the O(3) nonlinear σ-models.
The key idea is now that the stable configurations of n are knotted solitons [10, 6] . Since the coupling parameter of the corresponding σ-model sets the scale for the energy of these configurations, the asymptotic value of ρ determines the energy scale for the glueballs.
Calculations with a somewhat similar aim were previously carried out by U. Ellwanger [11] and H. Gies [13] , with apparently contradicting results. The calculations in [11, 13] were performed in the Lorenz gauge, rather than the MAG as in the present paper. Consequently, it is unclear to us what would be the relevance of these results to the Spin-Charge decomposition which is our main concern. This paper is organized as follows. We first review the basic setup for the MAG in section 2. After that, we state in section 3 the Slavnov-Taylor identities in this gauge. Section 4 contains our main result. Here we derive an expression that is helpful to study convexity of the effective action in an efficient way. In section 5 we explain the relationship of our result with the Spin-Charge decomposition.
Maximal Abelian Gauge
We consider SU(2) YM theory with gauge field
where σ i are the Pauli matrices. For a ∈ (+, 3, −) we denote by A a the following components
The classical YM action can be expanded as
where n stands for the number of fields. Integrating by parts we may write
where
µ . An infinitesimal gauge transformation has the following form:
Here α a are arbitrary functions, D ± stands for a covariant derivative
with respect to the abelian subgroup U(1) corresponding to the generator σ 3 . The field in the MAG is required to be an extremum of (A 1 ) 2 + (A 2 ) 2 over gauge transformations, which coincides with the extremum of A
and integrating by parts we obtain
The quantity A
The abelian symmetry U(1) can be gauge fixed by imposing the condition ∂A = 0, i.e. the Lorenz gauge fixing. The gauge fixed action is supplemented, as usual, with the Faddeev-Popov term in order to account for the FaddeevPopov determinant, see (75). The corresponding ghost fields are denoted by
The Faddeev-Popov action is
The t'Hooft gauge fixing Lagrangian density implementing the MAG and the Lorenz condition is
Actually, the MAG is recovered in the limit ξ → 0. Introducing, as usual, auxiliary fields B a , we obtain an equivalent form
Denote by θ a Grassmannian number anti-commuting withc a , c a . It is easy to verify that the semi-classical action
Clearly the action is also invariant under the global U(1) symmetry, corresponding to a constant α in (9), and under the Euclidean isometry group. Although our decomposition explicitly breaks the SU(2) invariance there is still a residual discrete symmetry:
The unregularized propagator C is obtained by setting g = 0 in the action:
The non-vanishing matrix elements of the propagator are:
where the map b →b stands for (+, 3, −) → (−, 3, +) and
We choose the following regularization:
The parameters Λ, Λ 0 are the infrared and ultraviolet cutoffs, n > 0 is an integer. At large n the regulator σ λ approximates a step function. Introducing the external sources K = (kǎ,ηǎ, ηǎ) where k a = (j a , b a ), we define the complex measure dµ ΛΛ 0 (Φ) by
Here K · Φ = Φ · K = ϕ a kǎ +η a cǎ +c a ηǎ is a special notation for the product with anti-ghost on the left. The bosonic part of C can be diagonalized by a linear map j
Using the diagonalized form we obtain the following decomposition:
Here dν ΛΛ 0 , dυ ΛΛ 0 are Gaussian measures with covariances C ΛΛ 0 and 1 ξ σ ΛΛ 0 . This decomposition allows us to easily obtain the variation of the measure dµ corresponding to a change of variables Φ → Φ + δΦ using familiar formulas for Gaussian measures. In particular for the infinitesimal variation δΦ = (δA a , 0, δc a , δc a ) one has
As a standard procedure we define the partition function
ct includes all counterterms. The generating functional for Connected Schwinger functions is defined by W = log Z. Performing the Legendre transform we obtain the effective action
We close this list of definitions by auxiliary functionals Γ ΛΛ 0 , F ΛΛ 0 :
Slavnov-Taylor identities
In this section we derive the Slavnov-Taylor identities in the presence of the infrared cutoff Λ. These identities hold for a finite Λ. As usual, the introduction of these identities encodes the local gauge invariance of the theory and effectively constrains the appropriate choice of renormalization conditions. Details can be found in [14] . First we add to the Lagrangian the renormalized BRST insertions ψ a , Ω a (see (18) , (19) ) which are invariant under global U(1) and discrete symmetries
where γ a , ω a are auxiliary sources having ghost number −1 and −2,
Here R
where r Λ 0 i are fixed by renormalization conditions. Performing in (33) the change of variables Φ → Φ + δΦ where
and using (32) we obtain the identity
where δC
Let L
vst +ρΥ where ρ is an auxiliary source with ghost number −1. Since the functionals L aux at vanishing ρ, ω, γ:
Performing in (43) the Legendre transform (35) and using definition (36) we obtain the Slavnov-Taylor identities at a non-vanishing value of Λ
Without giving a proof we state that lim
= 0. Detailed bounds on this term establishing this claim can be found in recent works [14, 7] . An important simplification comes from linearity of the Lorenz gauge fixing condition for the U(1)-component A. It is easy to see that
Here to define the measure dμ(Φ) corresponding toW (K) we put b = 0 in (28). In other words the measure dμ(Φ) is obtained from dµ(Φ) by integrating out B. Performing in (47) the Legendre transform we get
Substituting into definition (36) above equation we obtain Γ ΛΛ 0 (Φ) =Γ ΛΛ 0 (Φ) and thus
It follows that the dependence on the variable B is rather trivial and captured by the first term in (49). For this reason in the following we consider only the tilde effective actionΓ ΛΛ 0 (Φ) corresponding to the measure dμ(Φ), i.e. without the field B and source b. To shorten our notation, we there will omit from now on again the tilde symbol, with the understanding that all quantities are actually given for the reduced set of the variables, i.e. A, A ± , B ± , c,c, c ± ,c ± . After substituting (49) into (46) the violated Slavnov-Taylor identities take the form
Convexity of the effective action
In this section, we use the results of the previous section, specifically equations (51)-(53) in order to obtain the effective action in the MAG (satisfying the Slavnov-Taylor identities) in the 1-loop approximation. Here, by the loop expansion we mean, as usual, an expansion in , i.e. Γ = l l Γ l . The effective action Γ ΛΛ 0 can be written as
where we only keep explicitly the terms quadratic terms in A ± . (Note again that for shortness of notations we drop the tilde.) We focus specifically on the last "mass-term" because it appears only at 1-loop and therefore induces a qualitative difference to the 0-loop order (tree level = classical) action.
Indeed, according to definition of Γ ΛΛ 0 in (36) both terms in (54) vanish at tree level, l = 0: The first one since the effective action by our conventions does not include the quadratic kinetic terms (36), and the second one because the classical action has no mass terms for the gauge fields.
To derive the value of δm 2 , we consider the vertex function Γ
. From identity (46) we have
Using the violated Slavnov-Taylor identities, see (51), and then taking the partial derivative at the point p = 0 we obtain
Finally, using (49), (54) and (39) we get the identity
Performing the loop expansion on the left hand side we have
To compute the right hand side at 1-loop we observe that ∆ l=1 involves W l=0 . It can be easily checked by restoring the Planck's constant in (45):
Thus, substituting the tree level for Γ in (52) we obtain
This equation gives
This is the main result of our perturbative analysis.
There are two independent limits for (61). The first corresponds to the MAG
and the second corresponds to a sharp cutoff in the momentum space, i.e. it describes an effective model,
In both cases δm 2 < 0.
Effective σ-model
We would like to illustrate the main implication of the negative sign of the mass term obtained in (63). First we need to briefly introduce the SpinCharge decomposition proposed by L.D. Faddeev and A.J. Niemi [5] . Given an orthonormal basis e i in the plane span(A 
Here ψ 1 , ψ 2 transform as ψ i → e igα ψ i under the action of the U c (1) ≡ U(1) group. In this decomposition the complex fields ψ i are equally charged with respect to the U c (1) group but the complex vector field e ν and vector t are neutral. In this sense the decomposition describes a separation between the charge and the spin of the components A ± ν . Furthermore the decomposition is invariant under an internal U i (1) symmetry:
where t ± = t 1 ± it 2 . It is convenient to write the effective action in U i (1) × U c (1) invariant variables.
Here e = e iηê where η is a phase shift. The variables p, q are subject to the constraint
. Moreover instead of the vector t the authors define a new vector n ± = e 2iη t ± , n 3 = t 3 . Clearly p, q, n, ρ are
Since the Lorenz gauge fixing, ∂A in (15), breaks explicitly the U c invariance we single out this condition into a separate term,
Choosing the Feynman gauge, i.e. ξ = 1, and using (63) we have
Here J ν is a U i (1) × U c (1) invariant vector which can be found in [5] .
One can now ask for classical minimisers of the corresponding functional. It is reasonable to impose that at large spatial distances a solution for the unit vector n is SO(4) invariant. However the components n ± are not invariant. It implies that its asymptotes are n 3 = ±1. Then at large distance, the potential for the ρ-field is of Mexican hat type,
Consequently, at large distance, ρ has to go to a non-zero constant. This constant appears then as a coupling for the nonlinear σ-models for the variables p, q and n, respectively. A simpler version of such σ-models was investigated numerically [10, 15] . These investigations suggest the existence of knotted i.e. topologically nontrivial solutions that locally minimize the action. If these were to exist also for the above action, they would arguably correspond to non-perturbative excitations of the quantum YM vacuum state. One could attempt to interpret the result in a way similar to previous works [16, 17, 18] . However in these works the mass term is calculated at Λ = 0 and corresponds at a qualitative level rather to a non-zero constant for the scalar density ρ which minimizes the action (72) than to the mass we have obtained in (63). Since it is known that the coupling constant of O(3) nonlinear σ-model decrease as the spatial distance increases, see, e.g., [19] one can view the decomposition as a leading order approximation.
We define the determinat of −M as follows:
Here M ij , c i ,c i are the corresponding components of M, c,c in a finite dimensional basis {f
